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PROOF. We will prove the second assertion. Let a E L,,2. Define P,,, n E c, so that for each n E c, Gun is the least ordinal such that {cw} U {a} U {pj: j < n} c To see that D is stationary, let C be an arbitrary club subset of co,, let C E a, and apply Lemma 1. Then C n a is club in a, hence cx E C n D A second method is to show that for at least one X ca we, S(X) is costationary.
Then we can replace D with D n S(X). Let us define X inductively so that X = {d E D: (3 E it) c n x = 01 (note that whether sE(3 X depends only on X n a).
Towards showing that X is stationary, assume that C is a club set, C n x = 0. To prove that the space is not collectionwise normal, there may be some combinatorial preliminaries, but the heart is a simple measure, cardinality, or pressing down argument.
The goal is to construct a space like G, but with smaller character, by tying together smaller approximations to G. One way to do this is to take as approximations (9(a)2)a<wi and tie them together with the usual topology on w)1. In [F1] , a space, George, was defined this way, and the character was reduced to 2W (the cardinality of 9?(ca)).
A natural idea to further reduce the character to c) is to assume 0 *, take as approximations (A(G)2)a<,1 and tie them together with the usual topology on W)1.
The problem with this approach is that when we define the space, we need for each
ca E w1 and a E A(cx), a neighborhood W of ca such that if 03 E W then an f E3 A(13).
Axiom 0 * simply is not strong enough. One way to patch this problem is to assume ? + and to use the club sets from it to define a new finer topology on w)1. As often happens in mathematics, patching a problem in one place causes a new problem in another place. To define a topological space, the basic open sets must be closed under finite intersection.
Two club subsets of a countable ordinal can be disjoint; this is the new problem. Parts 2(a) and 2(b) of 0 ++ simply assert that this problem does not happen on a stationary set. (I do not know whether 2(c) is necessary to show that the space has the desired properties, but it is a natural extension of the ideas above, and is quite useful in the proof presented here.)
A final comment before constructing the space. We will define a space, X, with a discrete collection C = { Yi: i E I} of closed subsets, and with points of X -U isolated. To show that X is normal it does not suffice to consider pairs of closed Recall that our plan is to take "countable" approximations (i.e. A (a) 2) of Bing's Example G, and to glue them together using the space Y. In other words, G would fit on top of our space X (although it is not there) in such a way that for each special point yi e G there is Yj, a copy of Y, approaching it. On further thought, we see that to use 0 ++, we need Yj to be a copy of {cx E Y; i < ca < col rather than Y.
A final, minor problem is that we want to consider subsets of U i , but 0 ++ considers instead subsets of co,. To deal with this routine bookkeeping, we fix a bijection 0: oil x oil , oil such that for all limit ordinals A7< w1, 0"). Since, for each i E w1, M, is finite, we can define max Mi E ca). By routine counting
